
Useful Identities in Atomic Physics

The quantum numbers of the energy eigenstates of the non-relativistic hydrogenoid atom are: n (energy), ℓ

(angular momentum) and m (z projection of angular momentum). 〈·〉 means average over energy eigenstates.

Scales, Constants and Special Values of Hydrogenoid Wave Functions [1]
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Expected Values, the Virial Theorem and the Gamma Function [2, 3]

Virial Theorem (valid for any potential): If H = T (p) + V (r) and T (p) =
p2

2µ then 2〈T 〉 = 〈r · ∇V 〉 .

Expectation values for the Coulomb potential:



1
r

�

= Z
a0n2 ,



1
r2

�

= Z2

a2
0
n3(ℓ+1/2)

.

Recursion Relation: 0= s
4

�

(2ℓ+ 1)2 − s2
� � a0

Z

�2 〈r s−2〉 − (2s+ 1)
� a0

Z

�

〈r s−1〉+ s+1
n2 〈r s〉 .

Γ (z) =
∫∞

0
tz−1e−t d t , Γ (n+ 1) = n! , Γ (1− z) Γ (z) = π

sin (πz)
, Γ (z) Γ
�

z + 1
2

�

= 21−2z pπ Γ (2z).

Spherical Harmonics, Wigner 3 j Symbols and Clebsch – Gordan Coefficients [4]
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Wigner 3 j — Clebsch–Gordan (CG) relation:
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Selection rules for Wigner 3 j Symbol
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(they are identical to CG Selection Rules):

−ℓi ≤ mi ≤ ℓi, m1 +m2 = M , |ℓ1 − ℓ2| ¶ L ¶ ℓ1 + ℓ2 ℓ1 + ℓ2 + L ∈ Z.

Spherical components of a cartesian vector ~e = (ex , ey , ez): e±1 = ∓ 1p
2
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and e0 = ez.

Ladder Operators: ℓ̂± ≡ ℓ̂x ± iℓ̂y . ℓ̂±|ℓ, m〉 = ħh
p

ℓ(ℓ+ 1)−m(m± 1)|ℓ, m± 1〉.
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